
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



WEIERSTRASS'S ELLIPTIC INTEGRAL. 

By Dr. Thomas S. Fiske, New York, N. Y. 

It is proposed in the following note to apply the theory of the imaginary 
variable, so elaborately expounded by Briot and Bouquet,* to the definite 
integral by which Weierstrass's p-function is generally defined.! It is thought 
that the method of introducing the infinite values of the variable in connec- 
tion with the formation of the elementary contours presents some novelty. 

The definite integral in question is 



,, _ r dy _ /i dy^ 



J 1 '4y» — ff^y — «3 J 2i 



'^V' — g-m — ffi J 2i '(2/ — ei) {y — e.^ {y — e^) ' 

Weierstrass's p-function being defined by the auxiliary equation 

y = p(m). 

The initial point of the independent variable is regarded as situated upon 
the circumference of a circle of infinite radius, Ji, and having its centre at the 
origin. For any such point we may write 

y = lie' ; 
whence 



1 "(y ~ «,) iy - «2) (y - e,) = B^e^'". 

The value of the i-adical which results at any point of this circumference, by 
taking the argument of the variable positive and less than 2-, we may call its 
positive value. The radical also admits a value differing from the preceding 
in sign. This we will call the nefffitive value. 

The integral with respect to the entire circumference, or any part of it, 
is zero, for we have 



2^U 



* Theorie des Fonctions EUiptiques ; Paris, 1875. 

tCf. Traite des Fonctions EUiptiques, G. H. Halplien, Vol. I, p. 55 ; Paris, 1886. 
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which, since R is infinite, is equal to zero. Hence the introduction of this 
circumference, or any part of it, at the beginning of the path of the varia- 
ble, is equivalent simply to a change in the initial valvie of the radical. If 
two paths of the variable are identical except for the fact that one is pre- 
ceded by this circumference, the corresponding values of the integral differ in 
algebraic sign. 

The critical points of the diflferential function are e, , e^, e^. The integral 
with respect to an infinitely small circumference described about any one of 
these points, or with respect to any part of such a circumference, is zero. 
For upon the circumference about one of these points, <?„, the independent 
variable takes the form 

in which r is infinitely small. Hence 



i/(y - «:) {y - «2) (y - ^a) = Erh-">, 

E denoting a quantity differing infinitely little from a finite constant, and 

Jdy ir^ r ^. 

The introduction of such a circumference, or any part of it, into the path of 
the variable, therefore simply changes the corresponding value of the radical. 
Let us now consider the value of the integral when, the limit y having 
any value whatever, and the initial value of the radical being taken positive, 
the path of the independent variable is the exterior segment of the infinite 
radius drawn from the origin through y* If we call the corresponding value 
of the integral P~'(y); ^'^ have, substituting for the variable the product yt, in 
which < is a real quantity varying between infinity and unity, 

1, , 1 A dt 

(.y) = 






yj I yj [_ y. 

If the rectilinear path along the radius includes any of the critical points 
*x ) ^2 ) *3 > tli6 resulting indetermination is avoided by introducing into the path 
of the variable at each critical point an infinitely small semi-circumference 

*C£. Hermite, Cours a la Sorbonne, Quatrieme edition, p. 76. 
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described about it in a positive direction as the variable moves toward the 
origin. To fix the significance of P~'(0), that is when the limit y is at the 
origin, the path of the variable is taken along that radius which passes 
through real and positive quantities. Under these suppositions P~'(y) has 
for every value of y a single determinate value. This value of the integral is 
not however obtainable solely by means of the path described above. Apply- 
ing Cauchy's theorem upon definite integrals, we see that any two paths which 
lead from infinity to the same value of y, and which enclose no critical point 
between them, furnish the same value of the integral. 

Let us now consider the value of the integral for an elementary contour, 
that is for a path of the variable which begins at the outer extremity of an 
infinite radius through one of the critical points and leads inward to a point 
infinitely near the critical point, around the circumference of an infinitely 
small circumference enclosing the critical point, and thereupon back to infinity 
along the path of approach. We thus obtain the three integrals, 



2P-vo = erM" 



2P-^(e,) = er* 



2P-Vs)=^3 
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By means of the theorem of Cauchy the most general path of the inde- 
pendent variable may be reduced to a combination of arcs of the infinite cir- 
cumference and elementary contours, followed by a rectilinear path along the 
exterior segment of the infinite radius from the origin through the point y. 
The most general value of the integral for a given value of y consequently 
will be 

2^,(01 + 2to2<02 + 2»n3«>j ± P-Hy), 

where m^ , m^ , m^ are any integers positive or negative. From this we see 
that the p-function is a periodic function satisfying the equation 



p(2wii<0i + ^m.^io^ + 2w3f03 dz ?i) = p(r«)- 
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The periods 2«>, , 2^2, Swj are not independent 
of one another. A path consisting of the infinite 
circumference described in the positive direction, in 
combination with all three of the elementary con- 
tours successively described in the negative direc- 
tion, is equivalent to a closed path situated in the 
finite region of the plane and enclosing no critical 
points (Fig. 1). Hence the corresponding value of 
the integral is zero, and we have, when e^, e^, e^ are 
in the order of increasing arguments, the relation 




2(0^ — 2(0.^ + 2(. 
When the coefficients of the cubic 



0. 



J^lg. 1. 



%' — ff-^y — gz 

are real, the quantities e, , e.^ , e^ may be all real, or one may be real and two con- 
jugate imaginaries. In the 
first case the discriminant, 
g} — 27^3^, is positive ; in the 
second case it is negative. 

In the first case* the three 
quantities e, , e^, e^ are all 
situated on the same diam- 
eter of the infinite circle, 
viz. the axis of reals. Let 
them be chosen so as to 





Fig. 2. 
satisfy the condition Sj > e^ > «, (Figs. 2, 3). 



Fig. 3. 
Of the two integrals, 



-h 



dy 



(y — «i) {y — «2) (y — e^. 



2c, 



-h 



dy 



(y — «i) (y — ^2) (y — e^) 



in each of which the independent variable is real, the former is real and the latter 
is a pure imaginary. From Fig. 2 we obtain, as above, 2wi — 2(o.^ + 2(o^ = 0, 
or W2= («! + W3 ; in Fig. 3, however, this relation becomes 2wi — 2io^ -f- 2(o.^ = 0, 

or CO, = (O, CO, . 



* Cf. Halphen, Vol. I, pp. 55-57. 
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In the second case* let ns suppose first that e.^ is real and positive (Fig. 4). 
roj will be real. If now we take as an initial point negative real infinity, choos- 
ing the positive value of the radical, the quantity 2«>i + 2(o^ may be obtained 
not only from the path consisting of the infinite circumference described in a 

positive direction in con- 
nection with the element- 
ary contours about e^ and 
^3, but also from the path 
consisting of the left-hand — . 
segment of the axis of reals 
taken twice but in oppo- 
site directions, and the infi- 
nitely small circumference 
enclosing ^2 . The quantity 
Wi + «>3 = CO 2 , which is a semi-period independent of (o.^ , is thus seen to be a 
pure imaginary. If, on the contrary, we suppose e.^ is negative (Fig. 5), we 





Fiy. 5. 



have 



Wj a pure imaginary. 



and Wi — W3 = io\ , which results from the path 
formed by the right-hand segment of the axis of reals, a real quantity. We 
may write then under either supposition for the real and imaginary periods 
respectively. 



2io = 



«2 



dy 



y'{y — <i) (y — «2) (y — «3) 



'-/r 



2(0' = 



dy 



\y — «i) (y — «2) (y — ^a) 



in each of which the independent variable is real. 

Columbia CoLiiEOE. 



* Cf. Halphen, Vol. I, pp. Gd-12. 



